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Brunk]Olkin inequality generalizes inequalities with alternating signs
w x w xobtained by G. Szego and R. Bellman 2, 8 . Szego 12 proved: LetÈ È
a G a G ??? G a G 0, and let f be a convex function defined on1 2 2 ny1
w x0, a . Then1
2ny1 2 ny1
iy1 iy1y1 f a G f y1 a .Ž . Ž . Ž .Ý Ýi iž /
is1 is1
w xBellman 3 proved: Let a G a G ??? G a G 0, and let f be a convex1 2 n
w x Ž .function defined on 0, a . Then, if f 0 F 0,1
n n
iy1 iy1y1 f a G f y1 a .Ž . Ž . Ž .Ý Ýi iž /
is1 is1
Ž . rThe special case f x s x , r ) 1, was obtained independently by H. F.
w xWeinberger 13 .
w xH. D. Brunk 6 established the following result: Let 1 G h G ??? G h1 n
w xG 0, a G ??? G a G 0 and let f be a convex function defined on 0, a1 n 1
Ž .with f 0 F 0. Then
n n
iy1 iy1y1 h f a G f y1 h a .Ž . Ž . Ž .Ý Ýi i i iž /
is1 is1
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NOTE 463
Ž . Ž . Ž . w xThe substitution f x by f x y f 0 gives Olkin's inequality 9 : Let
1 G h G ??? G h G 0, a G ??? G a G 0, and let f be a convex function1 n 1 n
w xdefined on 0, a . Then1
n n n
iy1 iy1 iy1y1 h f a q 1 y y1 h f 0 G f y1 h a .Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi i i i iž /
is1 is1 is1
Olkin's proof was one of the early derivations using majorization.
Duality Principle. The dual converse of an inequality obtains by conver-
sion of the inequality relation and signs before the coefficients.
THEOREM 1. Let 1 G h G ??? G h G 0, h ) 0, a G ??? G a G 0,1 n 1 1 n
w xand let f be a con¤ex function defined on 0, a . Then the refinement of1
Olkin's inequality holds:
n n
iy1 iy1y1 h f a q 1 y y1 h f 0Ž . Ž . Ž . Ž .Ý Ýi i i
is1 is1
n n1 iy1 iy1G h f y1 h a q 1 y h f 0 G f y1 h a .Ž . Ž . Ž . Ž .Ý Ý1 i i 1 i iž /ž /h1 is1 is1
w x n Ž . iIf the function f is defined on b, a , b s Ý y1 h a , then the refined1 is1 i i
dual con¤erse of Olkin's inequality holds:
n n
i iy1 h f a q 1 y y1 h f 0Ž . Ž . Ž . Ž .Ý Ýi i i
is1 is1
n n1 iy1 iF yh f y1 h a q 1 q h f 0 F f y1 h a .Ž . Ž . Ž . Ž .Ý Ý1 i i 1 i iž /ž /h1 is1 is1
Proof. Olkin's inequality can improve itself. For the sequence 1 G
h rh G ??? G h rh G 0, from Olkin's inequality it follows that1 1 n 1
n n
iy1 iy1y1 h f a q h y y1 h f 0Ž . Ž . Ž . Ž .Ý Ýi i 1 i
is1 is1
n1 iy1G h f y1 h a ,Ž .Ý1 i iž /h1 is1
which gives the first inequality in the refinement. The second inequality
obtains from convexity of f.
The dual inequality follows from the refinement and convexity of f.
NOTE464
THEOREM 2. Let 1 G h G ??? G h G 0, h ) 0, a G ??? G a , and1 n 1 1 n
w x Ž .let f be a con¤ex function defined on 0, a with f 0 F 0. Then the refine-1
ments of Brunk's inequality hold:
n n1iy1 iy1y1 h f a G h f y1 h aŽ . Ž . Ž .Ý Ýi i 1 i iž /h1is1 is1
n
iy1y h y y1 h f 0Ž . Ž .Ý1 i
is1
n n
iy1 iy1G f y1 h a y 1 y y1 h f 0Ž . Ž . Ž .Ý Ýi i iž /
is1 is1
n
iy1G f y1 h a ,Ž .Ý i iž /
is1
n n1iy1 iy1y1 h f a G h f y1 h aŽ . Ž . Ž .Ý Ýi i 1 i iž /h1is1 is1
n1 iy1G h f y1 h a q 1 y h f 0Ž . Ž . Ž .Ý1 i i 1ž /h1 is1
n
iy1G f y1 h a .Ž .Ý i iž /
is1
w x n Ž . i Ž .If the function f is defined on b, a , b s Ý y1 h a with f 0 G 0,1 is1 i i
then the refined dual con¤erses of Brunk's inequality hold:
n n1i iy1y1 h f a F yh f y1 h aŽ . Ž . Ž .Ý Ýi i 1 i iž /h1is1 is1
n
iq h q y1 h f 0Ž . Ž .Ý1 i
is1
n n
i iF f y1 h a y 1 y y1 h f 0Ž . Ž . Ž .Ý Ýi i iž /
is1 is1
n
iF f y1 h a ,Ž .Ý i iž /
is1
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n n1i iy1y1 h f a F yh f y1 h aŽ . Ž . Ž .Ý Ýi i 1 i iž /h1is1 is1
n1 iy1F yh f y1 h a q 1 q h f 0Ž . Ž . Ž .Ý1 i i 1ž /h1 is1
n
iF f y1 h a .Ž .Ý i iž /
is1
Proof. In the first refinement the first and middle inequalities are
equivalent to the refinement of Olkin's inequality; the last inequality
Ž .follows from the assumption f 0 F 0. In the second refinement the first
inequality follows from Brunk's inequality for the sequence 1 G h rh G1 1
Ž .??? G h rh G 0; the middle inequality from the assumption f 0 F 0; andn 1
the last inequality from convexity of f.
The dual converses follow from the direct inequalities and assumptions;
the first dual converse also follows from the refined dual converse of
Olkin's inequality.
Remark. The duality principle can be restated so that for y1 F h F1
??? F h F 0 the converses of Brunk]Olkin inequalities hold.n
Some of these inequalities have been obtained previously by the method
of common fixed point of mappings which are monotonic with respect to a
w xfunctional 4 . Let the space be
X s x g R n : a G x G ??? G x G 0,1 1 n½
n n
iy1 iy1y1 h x s y1 h aŽ . Ž .Ý Ýi i i i 5
is1 is1
and the functional
n
iy1
w x s y1 h f x .Ž . Ž . Ž .Ý i i
is1
Define the mapping F: X “ X by setting
F x , x , . . . , x , x , . . . , x s x y e , x , . . . , x , x , . . . , x ,Ž . Ž .1 2 j jq1 n 1 jq1 jq1 jq1 n
where
x s ??? s x ) x , x s 0,2 j jq1 nq1
jx y xjq1 j iy1
e s y1 h .Ž .Ý ih1 is2
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THEOREM 3. The refinement sequence of Brunk's inequality is ¤alid:
n
iy1 ny1y1 h f a s w a G w F a G ??? G w F aŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ý i i
is1
n
iy1G f y1 h a ,Ž .Ý i iž /
is1
where
n1 iy1ny1F a s y1 h a , 0, . . . , 0Ž . Ž .Ý i iž /h1 is1
is the fixed point of F.
Proof. The mapping F is monotonic nonincreasing with respect to the
functional w,
w x G w F x , x g X ,Ž . Ž .Ž .
i.e.,
j j
iy1 iy1h f x q y1 h f x G h f x y e q y1 h f x ,Ž . Ž . Ž . Ž . Ž . Ž .Ý Ý1 1 i j 1 1 i jq1
is2 is2
f x y f x y e f x y f xŽ . Ž . Ž . Ž .1 1 j jq1G ,
e x y xj jq1
which is a property of convex functions. The last inequality in the refine-
ment sequence appears in the first refinement in Theorem 2.
The next theorem gives a generalization of Theorems 1 and 2.
THEOREM 4. Inequalities from Theorems 1 and 2 hold if the explicit
appearances of h are replaced by c, 1 G c G h . Moreo¤er,1 1
n1 iy1g c s cf y1 h a y cf 0Ž . Ž . Ž .Ý i iž /c is1
is a nonincreasing function.
Proof. The proofs of Theorems 1 and 2 can be applied using h rc,i
Ž . Ž .1 F i F n. For c F d, the inequality g c G g d is equivalent to
nf Src y f 0 f Srd y f 0Ž . Ž . Ž . Ž . iy1G , S s y1 h a ,Ž .Ý i iSrc Srd is1
which is a characterization of a convex function.
NOTE 467
w xIn 1 are established the necessary and sufficient conditions on p soi
that
p f a q 1 y p f 0 G f p a ,Ž . Ž .Ž . Ž .Ý Ý Ýi i i i i
and the converse inequality holds for each monotonic sequence and each
convex function. If a G 0, 1 F i F n, and if f is a convex function definedi
w n x w xon 0,Ý a , then Petrovitch's inequality 10 holds:is1 i
n n
f a F f a q n y 1 f 0 .Ž . Ž . Ž .Ý Ýi iž /
is1 is1
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